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ABSTRACT

In this article we study quasilinear equations model of which are

n

i=1

Pic2u,) .+ fu)=0, u>0,

ou = ‘ v ,
== _ § (u(mz—l)(pt—l)mwi|pl—2uwi) + f(u) =0, u>0.
8t N T4
i=1
Despite of the lack of comparison principle, we prove a priori estimates of
Keller—-Osserman type. Particularly under some natural assumptions on the function

f, for nonnegative solutions of p-Laplace equation with absorption term we prove

an estimate of the form
u(zo)
/ f(s)ds < er PuP(zg), o € 12, Bg,(xg) C 12,
0

with constant ¢ independent of u, using this estimate we give a simple proof of the
Harnack inequality. We prove a similar result for the evolution p-Laplace equation
with absorption.
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1. Introduction and main results

The qualitative behavior of large solutions of elliptic and parabolic equations has been investigated by
many authors starting from the seminal papers of Keller [11] and Osserman [27]. For example, for the elliptic
equation with an absorption term

A, u+ flu) =
any nonnegative solution v satisfies
u(z) < cdist(z, 89)_Q*Z+1, flu)y=ul, g>p-—1
u(z) < c|ln dist(x,00)|, flu) =e".

Estimates of this type play a crucial role in the theory of existence or nonexistence of large solutions, in the
problems of removable singularities for solutions to elliptic and parabolic equations. Up to our knowledge
all the known estimates for large solutions to elliptic and parabolic equations are related with equations
for which some comparison properties hold. We refer to [18,22,31,37] for an account of these results and
references therein.

Anisotropic elliptic and parabolic equations have been the object of very few works because in general
such properties do not hold. The main ones concern equations only in the precise choice of absorption term
f(u) = ul see [1,5,25,26,33-35,40,38,39].

In this article we give a proof of the Keller-Osserman a priori estimates for solutions to anisotropic
elliptic and parabolic equations with absorption. Using these estimates we give a simple proof of the Harnack
inequality for solutions of p-Laplace and evolution p-Laplace equations with absorption term.

The first main result of this paper is an a priori estimate of the Keller—Osserman type for nonnegative
solutions to elliptic equations

— divA(z,Vu) +ap(u) =0, x€ 2, (1.1)

where {2 is a bounded domain in R™, n > 2.
We suppose that the functions A = (ay,...,a,) and ag satisfy the Caratheodory conditions and the
following structure conditions hold

)

A, 0 = Y J6 P
=1

n 1_1%»
|ai(x, )] < va (Z Ifjp"> , i=1Ln (1.2)

j=1
ag(u) = v f(u),

where vy, v are positive constants and f is continuous positive function.
We say that u is a weak solution to Eq. (1.1) in 2 if u € WlPrp2epu(Q) = {u € WHi(R2) : 2% €
LPi, i =T1,n} and the integral identity

/ {A(z, Vu)Vp + ap(u)ptdr =0 (1.3)
0
0 1,p1,p2;-Pn
holds for any ¢ € W (02).
Let z(® € 2, for any 01,02,.. Qn > 0,0 = (01,0s,...,0,) we define Qp(z©®) = {z : |z; — 2\V| <
0;,i = In} and set F(u) = [} f 5(u) = I;((“) M(0) = supg, o) u, 6(0) = buer(x(m)é(u),

F(0) —buPQe(xm))F( u), N(Q) —max{M( ),0(0)}.
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Theorem 1.1. Let the conditions (1.2) be fulfilled and u be a nonnegative weak solution to Eq. (1.1) in {2,
assume also that

I 11
1<pi<pa<- - <pp< S==> — p<n. (1.4)

n—p p n<pi
Let 9 € 2, fit 0 € (0,1), 6; € (0,0,) for i € I' = {i = T,n : p; < pp} and 6; = 6, for
ie€l”" ={i=1,n:p; = pn}, then there exist positive numbers c1,co depending only on n,v1,vo,p1,---,Pn

such that either

Pj
u@ @)y <3 <9;19:i> (1.5)

iel
or
n 5(0) (pi:i)p
F(00) < e1(1— 0)=207 { §(0)NP~1(8) + 67(6) + NP~ (6 RS/ 1.
(96) < ex(1 = 0) 20,7 { SON1(0) +57(0) + <>;(N(9)) . o)
for all Qge(xV) C 0.
On the other hand, if I' is empty, i.e. p = p1 = pa = --- = py, then there exist positive numbers cs, cq

depending only on p,n,v1,vs such that
F(o0) < c3(1 —0)07P5(0) (Mpfl(e) + 51’71(0)) , (1.7)

for all ¢ € (0,1) and 6 > 0, such that Bgy(z(?)) C 2, where F(#) = Sup g,z F'(u), 6(8) = supp, () d(u),
M(0) = supp, (yo)u and By(z©) = {z : |z; — CCEO)| <0, i=1,n}.

Remark 1.1. Condition (1.4) implies the local boundedness of solutions [12]. The condition is sharp as there
are unbounded solutions to (1.1) if its condition is violated (cf. [7,20]).

Remark 1.2. Using the comparison theorem and radial type solutions, under the additional condition that
f(u) is nondecreasing, inequality of the type (1.7) was proved in [15,16]. Inequality (1.7) implies the
Keller-Osserman condition for large solution. This result has been proved in [17].

It is of interest to have more precise sub-estimate of solutions. For this we use the following additional
condition. We say that nondecreasing continuous function 1) satisfies the condition (A) if for any € (0,1)
there exists ug(e) > 1 such that

Pleu) < ePlu), (4)

with some g > 0 and for all u > wug(e).

Proposition 1.1. Let the conditions (1.2), (1.4) be fulfilled and u be a nonnegative weak solution to Eq. (1.1).
Assume also that lim,_ g0 u(z) = +00, and with some 0 < a <1 and ¢ > 0 there holds

d(u) < cul. (1.8)

Set b = max (a +pn— 1, pn+(a—1)(p1 — 1)1%) and let (u) = u='F7% (u) satisfy the condition (A). Let
0 € 2 and 8p = dist(z(?),00), fix 0; € (0,p) for i € I', then there exists a positive number cs depending
only on n,vi,Va,P1,...,Pn and c such that either

P4

=) 2(9 1 "“)P" (1.9)

iel’
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or

F(u(z)) < ¢5 dist P (29, 002)u® (=), (1.10)

On the other hand, if I' is empty, i.e. p =p; = pas = -+ = p, and P(u) = u~ 1 e (u) satisfies the
condition (A), then

Fu(z®)) < ¢g dist (@, 002)uPto=1(2() (1.11)

with positive constant cg depending only on p,n,vi,ve and c.

A function which satisfies the conditions of Proposition 1.1 with a = 1 is f(u) = u?,q > p, — 1. Assuming
for simplicity that dist(z(?),802) = |#(9)| and choosing 6; from the conditions (9;%%) = el

pn A=Pit

1
ie 0; =priaentl 4 ]I’ from (1.9), (1.10) we obtain

-1
n .

ua®) < (Z |x§0>|q?1+l> ,
i=1

which was proved in [33].
Another example of the function f, which satisfies the conditions of Proposition 1.1 with a = 0, is

f(u) = e*. Assuming that 8p = dist(z(?),012) and choosing 6; from the conditions (91-_1/)%)%7” =
In(14 p~P»), i € I, from (1.9), (1.10) we obtain

u(@©@) < c|In dist(z®,00)),

in the anisotropic case it seems that this estimate is new.
To prove the Harnack inequality we also need the following additional condition. We say that continuous
function ¥ satisfies the condition (B) if there exists p > 0 such that

V(eu) < e ¥ (u), (B)

for all € € (0,1), and for all u > 0.

Proposition 1.2. Let the condition (1.2) be fulfilled, 1 < p=p1 =ps =-+- =p, <n and u be a nonnegative
1

weak solution to (1.1), and let ¥(u) = u~'F7 (u) satisfy the condition (B). Let (©) € £ and Bs,(z(")) C 2,

then there exists a positive number c; depending only on n, vy, ve, p such that

F(u(x)) < erpPuP(z), (1.12)

for almost all x € B,(z().

Remark 1.3. If f(u) = u?f1(u), where f; is nondecreasing, continuous function and ¢ > p — 1, then the
1
function ¥(u) = u~!1F7 (u) satisfies the condition (B) with u = %ﬁl > 0.

Remark 1.4. If f(u) = uP~!f;(u), where f; satisfies the condition (B) with some p; > 0, then the function
VU(u) = ule%(u) satisfies the condition (B) with pu = % > 0. A simple example of the function fi,

which satisfies the condition (B) with y; = 1 is a function f(u) = [ fi(s)ds, where fi is nondecreasing,
continuous function.

We also note, that if f is as in Proposition 1.2, then v is uniformly bounded.
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The next main result of this paper is a priori estimate of the Keller-Osserman type for solutions of the
equation
— div A(z,t,u, Vu) + ap(u) =0, (z,t) € £, (1.13)

where 270 = 2 x (0,T), 0 < T < 0.
We suppose that the functions A = (ay,...,a,) and ag satisfy the Caratheodory conditions and the
following structure conditions hold

A, t,u, )6 > vy Y fuftmem D@

i=1

n

177
pi—1
Jas(@, £, €)] < vpu™ VR (Zul(m"‘”‘p"‘”lfjl”j> Soh _—

Jj=1

ag(u) > v f(u),

with positive constants vy, 9 and continuous, positive function f(u) and

. K
2<p < < pp, 1r<nil£1nmi>1, 1r£1ax m;(p i—1)§1+ﬁ, p<n, (1.15)
where £ = n(p(m —d) — 1) +p,d = 3", i, and assume without loss of generality, that m, =

maxiy<;<n 1M;-

We will write V,, , (£27) for the class of functions ¢ € C(0,T, L*(£2)) with 37, [[, || =D®=D |, |7
dzdt < co. We say that u is a weak solution to (1.13) if we have an inclusion u € V), ,,({2r) and for any
interval (¢1,t2) C (0,7) the integral identity

to
/ updx
(7 t1

holds for any ¢ € ﬁp,m(QT).

to
+ / / {—wps + Az, t,u, Vu)Vp + ag(u)p} dx dt =0 (1.16)
t1 (7

Remark 1.5. Condition (1.15) implies the local boundedness of weak solutions to Eq. (1.13) [13].

Let (2, ¢©) ¢ QT for any 7,01,02,...,0, > 0,0 = (0,...,0,) we define Qg (2?0, t©) = {(x,1) :
[t —tO| <7, |z; — :U | < 92, i = 1 n} and set M (0, 7) == supg, (4@ 4 U, (0, 7) = supg, _(x© o) d(u),
(9,7’) = 8UPQ, , (2(0),1(0)) @ fO ds g ) = gMn— 1f( )

Theorem 1.2. Let the conditions (1.14), (1.15) be fulfilled and w be a nonnegative weak solution to
Eq. (1.13), assume also that f € CY(RL) and f'(u) > 0. Let (z(0t) € Qr, fivr 0 € (0,1),7 €

(0, min(f2», O T — t)) 0, € (0,6,) for i € I' = {i = T,n : mi(p; — 1) < mnp(p, — 1)} and 0; = 6,

foriel” ={i=1,n:mi(p; —1) = mu(pn — 1)}, then there exist positive numbers cg,cg depending only on

N, V1, V2, M1y, My, P1,---,Pn Such that either
©) 40)) < (r—1 ypn) T g ) T
u(z'™ ) < (77 pPr) maen =D +Z 0, 0n , (1.17)
el
or
®(00,07) < cg(1 — )0, Pn5(0, 7)M™ P10, 7). (1.18)
On the other hand, if I' is empty, i.e. m1(p1 — 1) = ma(ps — 1) = -+ = my,(pn — 1), then either

u(@®, 1) < (T—lggn)m, (1.19)
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r (1.19) holds true.

Completely similar to Proposition 1.1 we obtain

Proposition 1.3. Let the conditions (1.14), (1.15) be fulfilled, u be a nonnegative weak solution to (1.13),
fe Cl(Ri) and f'(u) > 0. Let 002 be the parabolic boundary of {2, assume also that im, 1y o0, u(w,t) =
400 and with some 0 < a <1 and ¢ > 0 there holds
F(u)
o(u) = < cu®.
=)
Let p(u) = uL P T (u) satisfy the condition (A). Let (0, t©) € Q7 and 8p = dist(x\?),00). Fix
7 € (0, min(pPn, O T — ) and 6; € (0,p) for i € I', then there exists a positive number c1o depending

only on n,v1, Ve, M1, ..., My, P1,...,Pn and ¢, such that either (1.18) holds, or
(u(x @, 1)) < ¢100PrumnPr a0 400, (1.20)
On the other hand if I' is empty, i.e. mi(p1 — 1) = ma(p2 — 1) = -+ = mu(p, — 1) and P(u) =

uL G e (u) satisfies the condition (A), then either (1.19) holds, or (1.20) holds true.
A first main example of the function f, which satisfies the conditions of Proposition 1.3 with ¢ = 1 is
f(u) = u?,q > my(p, — 1). Assuming for simplicity that dist(z(?),002) = |2(9)|, and choosing T, 0;, i€l

. — 1 __Pn _pnlg=1) P\ o (p —1) M (P —1)
from the conditions (7~ pp")'"ﬂ@" DT = p o T () ,le. 7= paman-D (0 ) e =

n d—m;(p;—1)
p Tt e 6 —pI;’L a=mn(en—1) | from (1.17), (1.20) we obtain an estimate

n -1
w(z® 1) < ¢ (Z |2{V| =t 4 (t<0>)q1—1> , (1.21)

i=1
in the case m; = my = --- =m,, =1 it was proved in [34].
Another example of the function f, which satisfies the conditions of Proposition 1.3 with a = 0, is
f(u) = e*. Assuming that (8p)P» = |[2(9|P» 4-+(*) and choosing 7,6;,i € I' from the conditions

(71 o) TG (9 n)m ~ (14 g,
from (1.17), (1.20) we obtain an estimate
w(z @ 1) < ¢ In(|2@ Pr +¢O))],
in the anisotropic case it seems that this estimate is new.

Similar to Proposition 1.2 we get

Proposition 1.4. Let the conditions (1.14) be fulfilled, my =mo=--+=m, =1,2<p=p1=ps=---=p,
and u be a nonnegative weak solution to (1.13), assume also that f € CY(RL),f" > 0 and let ¥(u) =
u_ld?%(u) satisfy the condition (B). Let (z(©,t©) € Qr and Qgp,gT(x(O),t(O)) C 1, then there exists a
positive constant c11 depending only on n,vi,vs, p such that either
(@@, 1) < (r=1pr) 72 (1.22)

or

B(ulw,1)) < enp U (o, 8), (1.23)
for almost all (z,t) € Q- (x(©, ).

Now we give a simple extension of the Keller-Osserman type estimates to the proof of Harnack type
inequality for nonnegative solutions of p-Laplace and evolution p-Laplace equations with absorption term.
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Harnack inequality is one of the most important results in the qualitative theory of elliptic and parabolic
equations. We refer to [2,3,23,24,32] for an account of these results. Generalized Harnack inequality was
proved in [10,9] for the equation of the type

—Au+ f(u) =0,

f > 0 nondecreasing function and it has the form

sup u
ds
Bp@ 2 <o Bs,(z9) c (1.24)
/in{)u pVF(s)+s P
B, (x(0))

with constant ¢ independent of w.

Theorem 1.3. Let u be a nonnegative weak solution to Eq. (1.1), let the conditions (1.2) be fulfilled and
1< p=p =py = =p, <mn, assume also that ap(u) < vof(u), and let f is nondecreasing and
U(u) = uilF%(u) satisfies the condition (B). Then there exists positive number ci1o depending only on
V1, Vs, n, p and independent of u such that

sup u < cj2 inf wu, (1.25)
B, (x(®) B (2(9)

for all Bg,(z(") c 0.

Remark 1.6. Harnack inequality (1.25) implies the strong maximum principle, see [4,29,30,28,36].

Note also that Theorem 1.3 implies the existence of a radius p > 0 such that SUpp, () 18 uniformly
bounded by u(z(®)) and a constant which depends only on n, p, v1, 1.
Remark 1.7. If p = 2 by Proposition 1.2, we have

F( sup u) <yp~%( sup u)?,
B, (2(9) By (x(9)

which implies for every 0 < s < SUpp, (£(0) U

and hence (1.24) yields (1.25).

Theorem 1.4. Let u be a nonnegative weak solution to Eq. (1.13) in 27, let the conditions (1.14) be fulfilled
and 2 < py = pg = -+ = Pp, My = Mg = -+ = my, = 1, assume also that, ag(u) < vaf(u), and let
feCYRL), f >0 and ¥(u) = ule%(u) satisfy the condition (B). Then there exist positive constants
c13, c14 depending only on vi,vs,n,p and independent of u such that

p—2
(0) +(0) i (0) _pf G4
w(z'™, 1) < e Bigfo)u(x,t +7), T=p <u(x(0),t(0))> , (1.26)

for all Qgg,gr(iﬂ(o),t(o)) C Or.

Formulations of Theorems 1.3 and 1.4 are the same as in [2,3,23,24,32], however, due to the presence of
lower order term the results of [2,3,23,24,32] cannot be used. If f(u) = u%,q > p — 1, then the Harnack
inequality is a simple consequence of the Keller—Osserman estimate (see, for example [14,21]). The main



104 M.A. Shan, I.1I. Skrypnik / Nonlinear Analysis 155 (2017) 97-11}

novelty of our results is that the constants c12, ¢13, c14 are independent of u. The method that we are using
is a De Giorgi method. In the parabolic case we also use the well-known intrinsic scaling technique originally
introduced by Di Benedetto [2].

The rest of the paper contains the proof of the above theorems.

2. Keller-Osserman a priori sub-estimates for elliptic equations. Proof of Theorem 1.1 and Propositions 1.1
and 1.2

2.1. Auziliary propositions

The following lemmas will be used in the sequel. The first one is the well-known embedding lemma
(see [19, chap. 2]).

Lemma 2.1. Let 2 € R™, n > 2 be a bounded domain, u € V([J/ L1(02), then the following inequality holds

n 1
n n
||u||Lq<m<wH(/Q . dx) =
=1

where the positive constant v depends only on n.

In what follows we will frequently use the following lemma [19, chap. 2].

Lemma 2.2. Let {y;},cn be a sequence of nonnegative numbers such that for any j = 0,1,2, ... the inequality
yjr1 < CVy;te
holds with positive ,C > 0,b > 1. Then the following estimate is true

te)d -1 (4e)-1_§ (14}
Yj < C = b e2 Eyé +e) .

Particularly, if yo < O*éb_s%, then lim;_, y; = 0.
2.2. Local energy estimates

The proof of sub-bounds stated in the previous section is based on local energy estimates. We provide
the proof of (1.6), assuming without loss that
np
n—op’
while the proof of (1.7) is completely similar. In what follows ~ stands for a constant depending only on

1<pi<p2 <o <pp1 <pp <

(2.1)

n,vi,V2,P1, .- ., Pp Which may vary from line to line. If Q,(Z) C £2 we let ¢ denote a nonnegative piecewise
smooth cutoff function vanishing on the boundary of @, (7).

Lemma 2.3. Let u be a nonnegative weak solution to Eq. (1.1) and let conditions (1.2), (2.1) hold. Then for
every Q,(T) C 2 and for every k >0

> /A S,

< ’YZ (F(u) = k)07~ ()| Gy, P e, (2.2)

rendat [ (PG =B S do

k.

Akﬂ]

where Ay, = {x € Q,(T) : F(u) > k}.
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Proof. Testing identity (1.3) by ¢ = (F(u) — k)+(P~, using conditions (1.2) we obtain
oot [ (B = b ferda
A

> /A St
n 1—;%1. )

< > / (Zlu%lpﬂ w) (F ) — K)o 5~ (w)| o,
i=1 7 Ak

From this, using the Young inequality we arrive at the required (2.2). O

By

¢

2.8. Proof of Theorem 1.1

Consider a cylinder Qo(z®) and let z be an arbitrary point in Que(z(®). If u(z(®) >
> (6’ pri )p" " then N(6) > (0 pri )p” " for i = T,n — 1, and hence Q, (%) C Qqp(x®), where
n = (1—0) ,fi “55(0), i = T,n. For fixed k > 0 and j = 0,1,2, ... set Mg = smi(1+277),i =T n, n; =
(Mg M2 -5 )y Ky = k(1 =277), Q5 = Qu, (%), Ax,; ={z € Q;(2) : Fu) > k;}. Let (; € C5°(Q;(2)),

. - 0,
0 S CJ S 17(] =1lin Q]"rl(x)vjaig
By Lemma 2.1 and the Holder inequality we obtain

[ - hde < ( /
Akjy1.9+1 Ag

Sy
n;, ,t=1n.

n—1
n

((F(u) = kjy1)+ Cp")” ! dfﬂ) | Ak, g1 |™

" 1
d:z:) |Akj+17j|n

G107

0

((F(u) = kjr1)+¢")

<11 ( / f(U)Iump"C”"dw> ( / f(u)Cf"dw> Ay
=1 Ak‘7+1wj Akj+1,j
0 _ B 1
+7H (Fu) =~ k) 52| Mo ) Al
Akjir.d

From this by Lemma 2.3 and by the evident inequality (F(u) — k;)4 > 5+ on Ay, ;, we obtain

Yir1 = / (F(u) = kjt1) 4 da

kjt1.d

<A1 -0) 20k (|Qn<x>|* S UG ON s <e>> et

i=1

It follows from Lemma 2.2 that y; — 0 as j — oo, provided k is chosen to satisfy

Y [P— n M)(pil)ppl e N
k = max | 6, 7" NP () Z < (1 )77 1Q (7)) /Qg(i) F(u)dx

2\ N®)
((&)

F(u)dx. (2.3)

(@)

This implies that

Fu(z)) < 4(1 —0)770, 7N (6)

+7(1 =) 7@y (@)

m\s
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! i =1, n. To estimate the integral on the

Let § € CF(Qq(#)), 0 £ € < 1,E = 1in Qy(3), | £
right-hand side of (2.3) we test (1.3) by ¢ = £p" using condltlons (1.2) and the Hélder inequality we obtain

/ F(u)dz < 5(6) / F(u)ePn da
g(f?f) n(Z)

< 25(0 H(Z / s |”7£”"daz> (/Q e

Test (1.3) by ¢ = u&P~, using conditions (1.2) and the Young inequality we get

3 /Q DY /Q Pl (2.5)
j=1"%nlZ j=1"%nZ

Combining (2.4), (2.5) we arrive at

2 da:) . (2.4)

/Q ( )F(U)dw < (1= 0) 0,78 (O)NT T (0)|Qy (7). (2.6)

Since Z is an arbitrary point in Q,,((?)), from (2.3), (2.6) we obtain the required (1.6), which proves
Theorem 1.1.

2.4. Proof of Proposition 1.1

First note an inequality which is an immediate consequence of our choice of 1)
Y(u)v < e rp(u)u + p(ev)v,  eu,v >0, (2.7)

indeed if v < e~ 1w, then ¥ (u)v < e 1(u)u, and if v > e tu, then ¥ (u)v < ¥(ev)v, and in both cases (2.7)
holds.

For j =0,1 . define the sequences {c;},{6;},{M;} by o; = %, 0; = (015,02j,...,6n;), 0ij =
0; (1+3+- + ! ) i=1,n, Mj:=su Pq, 0, u, if inequality (1.5) is violated, using (1.8) we write (1.6)
for the pair of boxes Qg, (z(”)) and Qq, ,, (a:(")). This gives
Mjp(M;) < 7277~ % My
If e € (0,1), then by (2.7) from the previous inequality we obtain
1 ; Pn
w(M5) < p(eMy) + - 0N < g(ey) 42
Mjia

Using the condition (A) we arrive at recursive inequalities
Y(My) < ePp(Myg) +e92p7 %, j=0,1,2....

From this, by iteration
j—1
W(M,) < Pp(My) + e p™ B 3 i,

for every j > 1.
We choose e* = 2771 so that the sum on the right-hand side can be majorized by a convergent series
and let 7 — oo to obtain

P(u(x?)) < Y(M,) < yp~ T

This proves Proposition 1.1. The proof of Proposition 1.2 is completely similar.



M.A. Shan, I.I. Skrypnik / Nonlinear Analysis 155 (2017) 97-114 107

3. Keller-Osserman a priori sub-estimates for parabolic equations. Proof of Theorem 1.2 and
Propositions 1.3 and 1.4

8.1. Local energy estimates

Let (7,t) € Q2p, for any n1,...,m, > 0,7 = (n1,...,m,) and s > 0 we define Q,, (7,t) == Q,(ZT) x (t —
s,t+s), if Qy s(Z,t) C 2r we let ¢ denote a nonnegative piecewise smooth cutoff function vanishing on the
parabolic boundary of @, s(Z,t). We provide the proof of (1.18), assuming without loss that

K
2<p1 < <ppo1 <pn, min my>1, mu(p,—1) <14+ —, p<n. (3.1)
1<i<n n
In what follows ~ stands for a constant depending only on n, vy, vs,p1, ..., Pn, M1,. .., M, which may

vary from line to line.

Lemma 3.1. Let u be a nonnegative weak solution to (1.13) and let the conditions (1.14), (3.1) hold. Then
for every cylinder Q,, s(Z,t) C 2r and for every k > 0

sup / (P(u) — C”"dx+z / / w1 gy PP drdt
Qn(i) A

|t*t|<5 k,n,s

M
—I—VZ//Ak (B(u) — k)2.67 2 (w)umi— D@D P dadt, (3.2)
=1 M,

where Ay, s = {(,t) € Q. s(Z,t) : D(u) > k}.

(®(u) - k) (P dudt < 4 / /A — B2 |GIcr  dadt

k,m,s

Proof. Testing identity (1.16) by ¢ = (®(u) — k)4 g(u)¢P, using conditions (1.14), we obtain

tstt1p<s/ (P(u) — Cp"dx—ﬁ—//A w)(P(u) — k)4 CPrdadt

n k,n,s

+ Z //A /(u)(é(u) - k)+) u(mi_l)(p'i_l)mxi |pi<pndxdt

k,n,s
A

X957

1

=5
) |C|¢Pm~ ldxdtJrfyZ// ( )u(mjl)(pjl)uxj|pjcpn>

Pi—

o ((u) - k)+|<m\cﬁ*1dxdt.

kns

P (u)

g(u)

From this, using the Young inequality and the evident inequality < §(u) we arrive at the required

(32). O

3.2. Proof of Theorem 1.2

Consider a cylinder Qg ,(z(?), +(?)) and let (z, t) be an arbitrary point in Qug o (2(?), ). Tf u(z(®), ()
Gy e N o ( -1 ”")’“““’" SR , then M@,7) = max(M(0,7),60,7) >

v

(T’lpp")mn@n DT+ 3 (9 p ")mn(pnfl)fmi(”fl), and hence @, 5(Z,t) C Qg (z(©,¢(?)), where s =
(1 — o) M= =19, 1), m; = (1 — U)G,ﬁMmi(pi_l)_m"(p“_l)(9,7'), i = 1,n. For fixed k& > 0 and
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o+ 2l)7 Ni g1 = (Oél + i2_j_l_l)ni) 1= 1777 i1 = (771,3',17 .. 'ann,j,l)a

1,j=0,1,2...set oy = i(1—|—2_1—|—
F(u) > k;}. Let

sjp = (o0 + 3277775, Ky = k(1= 279),Qj1 = Quy s, (2, 8), Ary a0 = {(2,1) € Qju -
G € CE(Qa), 0 G < 1, = 1in Qs |52 <927ty i = T, |52 < 92t
By the Holder inequality and Lemma 2.1 we obtain

ni1 wAT
// (@( ) kj+1 dxdt < // ) ijrl)iC]pn) ™ dxdt |Akj+1,j+1,l
Akjy1.d+1. Akjyq.d+1.

n+1
SV( sup / (D(u) = kjs1)} Cp"d$>
|t—t|<8j,l anyl(lf)

X
f(/f,..
Using the inequality ®(u) — k; > &+ on Ak, ju, j((;‘) < 0(u), we estimate the second term on the

right-hand side of (3.3) as follows
J[ e —weign, [wasy [[ 0 g0 - ko,
k

Ak proit
o ff, (e -ret |5

kjt1s:t

< ,YQJ’V]{_%;I //
A

..
”//Ak.,j,z(@(“)‘ k)2

i pi—l mpomg By
S 72-77]{_1’71‘6(9,7—)1\4 P (pi—1) (977') (// gz(u)u(ml—l)(pl—l)|u1L|p7c§)ndxdt>
Ak

1
ntl <

=2 (3.3)

n+1
]+1) Cpn ‘ dl‘dt) |Ak3+1:]7

J+1000t

P dwdt

¢t dudt

1

92 (u)u(mi 1) (pi—1) |um |pi Cf" dxdt)

kjy1.3,:
pi—1
Pi

( : )ppl glw)u™ " f(u)(P(u) — kj)+<§mdmdt>

’LL

8@ ¢t dwdt

-
X (//Akj.’j’l g(u) f(u)(®(u) — kj)+C§’"dmdt) +7//Akj7jvl(¢(u) _ J)+ gCy dedt. (3.4)
Choosing k from the condition
k> 0,Pm5(0, 7)M™ P10, 1),
using Lemma 3.1, from (3.3), (3.4) we obtain
Yirr = //A (®(u) — k1) 2dadt < (1 — o) 7200775 mes@,g)r#l yjl';'T

kjt1.3+1,1

Qayn,onss @1 = supg, @(u), it follows from Lemma 2.2 that y;; — 0 as j — oo, provided k is

k? = )2 Qs (3, 6| / / w)dzdt.
Qit1

Let Q; =
chosen to satisfy
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If € € (0,1), then from the previous we obtain

P < 40P 5(0, T)M™ P10, T)

(1 — o) 25E (0, 7)M " (0, 7) l+1|Qns )|*% //Q f(u)dadt

< eByy + 40P 8(0, T) MM L(0, 7)
+ye (1= o) 2750, T) M0, 7) |Qy,s(7,1) \_1// (w)dzdt, 1=0,1,2....

’H S
2 f
From this by iteration
-1
H(u(z,t) < Pg <l +ye o 2(527)2
i=0

x| 0,760, ) MmO, 7) + 8(8, T)M ™ (0, 7) | Qo (@, // u)dwdt |

m\:

m\
H\
<‘H

for every [ > 1.
Choosing € = 277! so that the sum on the right-hand side can be majorized by a convergent series and
[ — o0 to obtain

d(u(z,t)) < v(1—0)770,Pm5(0, 7)M™ P10, 7)dxdt

(L= )0, )M (0, 7) [ Qa2 ) |‘1// | Szt (3.5)

ﬂ
27

I\J\tn

-1

Let £ € C5°(Qy,s(z, t))0<§<1§—11nQns(a;t ‘ n; ., i=1,n, ‘%’<73_1 To estimate

8
the integral on the right-hand side of (3.5) we test (1.17) by =&, using conditions (1.15) and the
Holder inequality, and passing € — 0 we obtain

I

u)EPrdadt < v / / &P dadt

n,s(Z5t)

+7; <Z // Iu mgpndg;dty;i (//Qw(m (29

Testing (1.16) by ¢ = u&Pr, using conditions (1.14) and the Young inequality we obtain

715

P dxdt) .

/I, o S dadt < 0110.9)/Q,(@) (36)
Combining (3.5), (3.6) we arrive at
O(u(z,1)) < yo 70, Pm5(0, T)M™ P10, 7). (3.7)

Since (z,t) is an arbitrary point in Qg0+ (2(®, () from (3.7) the required (1.18) follows. This proves
Theorem 1.3. The proof of Propositions 1.3 and 1.4 is completely similar to that of Proposition 1.1

4. Harnack’s inequality for elliptic equations. Proof of Theorem 1.3

Let (9 € 2 and Bg, (V) C 2, fix # € B,(2(?), ¢ € (0,1) and 0 < r < p, and let ( € C§°(B,.()), 0 <
(<1, (=1inBy,(7), V¢ < (o) r .
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Lemma 4.1. Let all the conditions of Theorem 1.3 be fulfilled. Then for every 0 < k < SUPp,, (£(0) U next
inequalities hold

/B VR PO 50 ) P ),y M (4.1)

r

/ IV (k= w)4 [PCPdz < A(1— o) Pr kP AL |, (4.2)
B,.(z) ’

where Ay, = B.(2) {(u— k)+ > 0}.

Proof. Testing (1.3) by ¢ = (u — k)4+(?, using conditions (1.2) with p = p; = -+ = p, and the Young
inequality we arrive at (4.1). To prove (4.2) we test identity (1.3) by ¢ = (k — u)4(P, using conditions (1.2)
with p = p; = --- = p, and the Young inequality we obtain
[ e wsrerar <a( - o) rrowlag Ly [ f-u)scrd (43)
B, (z) ’ B, (z

Let us estimate the integral on the right hand side of (4.3), we have
k
[ s wirds = [ fxtu<n [ dserds
BT(LE) B (z) w

k k
: /BM xlu<hk) / f(s)ds Pdw < /0 F(s)ds | AL, | = P(k)| AL,

By Proposition 1.2 we get

1

. Fv( sup wu)
F7 (k) B, (2() 1 1
< Sp =T
k sup
Bap((0)

with constant v independent of w, hence (4.3) yields (4.2). This proves the lemma. O

Lemma 4.1 implies that the solution u of Eq. (1.1) with p = p; = - -+ = p,, belongs to the corresponding
elliptic By-class (see [8,19]) and hence u satisfies the Harnack inequality (1.25), for the details we refer the
reader to [8].

5. Harnack’s inequality for parabolic equations. Proof of Theorem 1.4

Unfortunately, due to the presence of the absorption term we cannot use the results from [6], since the
B, -classes considered in [6] are homogeneous. Hence, following the strategy [3], we give a sketch of the proof
of the Harnack inequality. Note that in the case considered here the constant C' from the structure conditions

(1.2) in Chapter 3 of [3] is 0, and therefore, the first alternative C,, > min(1, u(2(©), ) from [3, Chapter 5,
Theorem 1.1] will never occur.

5.1. Local energy estimates
Let (z(®,¢(©) be an arbitrary point such that w(z(® ) > 0 and for r,n > 0 construct the cylinders

p—2
1 (0) 4(0) N N U
an(l‘,t) C Qgpygg(l‘ , T ) C .QT, 0= P (u($(0)7t(0))> . (51)

Let C € Cgo(Qﬁn(i'vt_))v 0 < C < 17 C =1lin Qar,aﬁ(‘fa{)v ‘Vd < (1 - 0)71T71a |<t| < (1 - 0')717771'
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Lemma 5.1. Let all the conditions of Theorem 1.1 be fulfilled, then for every 0 < k < SUDPQ,, o, (2(0),1(0)) U

s [ ewierde s [ V=R o
t—n<t<t+nJ B.(Z) Qr,n(z,t)
<~v(1-0)" // (u— k)3 dedt + (1 — o) Pr- p// (u — k)E dxdt, (5.2)
Qr, T}(w t) Qr, n(mt

sup / (k —u)3¢Pdz + // IV (k —wu)y|P¢Pdadt
t—n<t<t+nJ B.(Z) T, 71(55’7?)
<y —o) T (KT R TE) AL (5.3)

where Ay, = Qry(2,1) u < k}.

Proof. Testing (1.16) by ¢ = (u—k)4+(P, using conditions (1.14) withp=p; =---=p,,my =--- =m, =1
and the Young inequality we arrive at (5.2). To prove (5.3) we test (1.16) by ¢ = (k—wu)+(P, using conditions
(1.14) withp=p; = --- = pp, my = --- = m,, = 1 and the Young inequality we obtain

sup / (k — u)i(pdx + // |V (k —u)y|P¢Pda
t—n<t<t+nJ B,(T) Qrn(Z:t)
<y(l—-0)" // k—u) dmdt—l—q/l—a )PrT p// k —w)t dedt
QT 77($ t) Qr r](w t)
+~y// — u)CPdadt.
I~ ,, wt

Using Proposition 1.4 with m; = mo = -+ = m,, = 1, we estimate the integral on the right hand side of the
previous inequality as follows

// L T ) Pt 3O, S R |
T”it

This proves (5.3).
5.2. A De Giorgi—type lemma

The following lemma is a consequence of Lemmas 5.1, 2.2 and the embedding theorem (see [3, Chapter 3,
Lemma 3.1]).

Lemma 5.2. Let the conditions of Theorem 1.4 be fulfilled. Let (z(%), (%) € 27 be such that u(z(® ) > 0,
fiz 6 asin (5.1), §a € (0,1), 0 <w <sUPg, 4@ 1) U, 0~1 < (Ew)P~2. There exists number v= € (0,1)
depending only on v1,vs, k,p and a such that if

{@b) € Qe @D ul@t) S €] <07 |Q7 @) (5.4)
then

u(z,t) > alw for a.a. (z,t) € Q; (5)” (gw)%p(

for any Q. coy2-»(2,1) = Bp(T) x (t—1P(Ew)? P, 1) C Qap20(x@,t) C Q. Likewise, let M be some
number satisfying the inequality M > sup - (7,0 W then there exists number v+ € (0,1) depending

b (2

z,1), (5.5)

only on vy,va,n,p,a, M and w such that if

{(@.6) € Qo @) sule ) 2 MO =} <07 Q) e (5,8 (5.6)
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then

u(z,t) < M(1—af) fora.a. (z,t) €Q,

27(%)’%&@2*?@’{)’ (5:7)

for any Q;Tp(gwp—p (537 t) C Q2P729($(0)’ t(o)) C .

5.8. Expansion of positivity

The following lemma is an expansion of positivity result, analogue in formulation as well as in the proof
to [3, Chapter 4, Proposition 4.1]. For (Z,t) € £2r and some given 0 < N < SUPQ,, 45 (2(®,¢() U consider the
cylinder

o w?
B4T(LE) X (t7t+ (g]V)p_25(4T)p) C QQP,QH(I(O)at(O)) C .QT,

where b, €, 0 are the positive constants given by Lemma 5.3.

Lemma 5.3. Let the conditions of Theorem 1.4 be fulfilled. Assume that for some (z,t) € 21, some r > 0
and some o € (0,1)

{z € B, (%) : u(z,t) < N}| < (1 - a)|Br(2)]. (5.8)

Then there exist constants €, € (0,1) and b > 1 depending only on vy,va,p,n and « such that

u(z,t) > eN for a.a. © € By, (), (5.9)
and for all times
_ 1 b2 _ br—2
t+ - 0 t<t+ - ————=drP 5.10
To N2 ST Ny (5.10)

where A

ko = @ron (T, 8) ({(w = k)+ > 0}
Proof. By (5.8), using (5.3) similar to [3, Chapter 4, Lemma 4.1] we obtain that for every 7 > 0
Hx € B(Z) s u(x,t + " N*"PorP) < €167ﬁN}‘ < (1 - %) | B (Z)], (5.11)
with some £1,d € (0,1) depending only on vq,vs,p,n and .
In the same way as in [3, Chapter 2, Proposition 4.1] we consider the function
w(z,T) = ev%?Nfl(érp)ﬁu(x,t_-I— eTN27P§rP), 1> 0.
Set ko = 51(67“1’)19%2, inequality (5.11) translates into w as
o € By(z) : wz, 1) < ko}| < (1 - %) |B,.(2)], (5.12)
for every T > 0.

Since w > 0, formal differentiation, which can be justified in a standard way, gives

L+ ( 72N P)*lz)pfl
= P— P
W p_2w € T Ut

= %w + div A(z, 7, w, Vw) — Go(w), (5.13)
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where A’ aop satisfy the conditions

P

)

Az, 7, w, Vw)Vw > 1, Z [wg,

i=1

1
v (5.14)
P ) 1= ]w n,

n
|ai(1'77—7wavw)‘ <y Z |w1’1
=1

i Flw) < o(w) < ),
where fu) = (e N1 5r0)7 )" (we 752 N (50 72).

Let ks = k927%,s = 0,1,..., s, where s, is a sufficiently large positive number, depending only on

25*(p

n, p, V1, V2, satisfying the condition e - < c14. By our choices and by Proposition 1.4 we have

- ko ) o ] 1
Fk,) :/ Fydt = (72 N1 (6r)72 ) F (ke ™72 N(6r7) 772 )
0
< ykPrTP,
for € By (%) and for all 0 < 7 < Incyy.

Hence, the energy estimates (5.3) for the function (ks — w), over the cylinders QLW* (Z,0) = By (Z) %
(0,7:), M = kf:prp, can be written in the form

sup /B (_)(kS —w)3¢Pdr + //Q [V (ks — w) [PCPdadr < ARErP|AL 4,0 |,
4r (T

0<T<Nx Lm*(:@o)

where Ay ., = Q. (5,0){w < £} and ¢ € C(Qh, (50), 0 < ¢ <1, ¢ = 1in By(#) x
(%.%), V¢ <L, 1G] <

The rest of the proof of Lemma 5.3 is the same as in [3] (see [3, Chapter 4, Proposition 4.1] for details). O

After we have proved Lemmas 5.2 and 5.3 the rest of the arguments do not differ from [3] (see [3,
Chapter 5, Theorem 1.1] for details). This completes the proof of Theorem 1.4.
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