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Abstract: In the present article we deal with the Dirichlet problem for a class of degenerate anisotropic elliptic
second-order equations with L1-right-hand sides in a bounded domain of Rn .n > 2/. This class is described by
the presence of a set of exponents q1; : : : ; qn and a set of weighted functions �1; : : : ; �n in growth and coercitivity
conditions on coefficients of the equations. The exponents qi characterize the rates of growth of the coefficients
with respect to the corresponding derivatives of unknown function, and the functions �i characterize degeneration or
singularity of the coefficients with respect to independent variables. Our aim is to investigate the existence of entropy
solutions of the problem under consideration.

Keywords: Nonlinear elliptic degenerate anisotropic second-order equations, L1-data, Dirichlet problem, Existence
of entropy solutions

MSC: 35J25, 35J60, 35J70

1 Introduction

During the last twenty years the research on the existence and properties of solutions for nonlinear equations and
variational inequalities with L1-data or measures as data were intensively developed. As is generally known, an
effective approach to the solvability of second-order equations in divergence form with L1-right-hand sides has
been proposed in [1]. In this connection we also mention a series of other close investigations for nondegenerate
isotropic nonlinear second-order equations with L1-data and measures, entropy and renormalized solutions [2–10].

As for the solvability of nonlinear elliptic second-order equations with anisotropy and degeneracy (with respect
to the independent variables), we note the following works. The existence of a weak (distributional) solution to the
Dirichlet problem for a model nondegenerate anisotropic equation with right-hand side measure was established
in [11]. The existence of weak solutions for a class of nondegenerate anisotropic equations with locally integrable
data in Rn .n > 2/ was proved in [12], and an analogous existence result concerning the Dirichlet problem for
a system of nondegenerate anisotropic equations with measure data was obtained in [13]. Moreover, in [14], the
existence of weak solutions to the Dirichlet problem for nondegenerate anisotropic equations with right-hand sides
from Lebesgues spaces close to L1 was established. Solvability of the Dirichlet problem for degenerate isotropic
equations with L1-data and measures as data was studied in [15–19]. Remark that in [15, 17], the existence of
entropy solutions to the given problem was proved in the case ofL1-data, and in [16], the existence of a renormalized
solution of the problem for the same case was established. In [16, 18, 19], the existence of distributional solutions of
the problem was obtained in the case of right-hand side measures.

Solvability of the Dirichlet problem for a class of degenerate anisotropic elliptic second-order equations with
L1-right-hand sides was studied in [20]. This class is described by the presence of a set of exponents q1; : : : ; qn and
of a set of weighted functions �1; : : : ; �n in growth and coercitivity conditions on coefficients of the equations under
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Existence of entropy solutions for nonlinear elliptic degenerate anisotropic equations 769

consideration. The exponents qi characterize the rates of growth of the coefficients with respect to the corresponding
derivatives of unknown function, and the functions �i characterize degeneration or singularity of the coefficients
with respect to the independent variables. This is the most general situation in comparison with the above-mentioned
works: the nondegenerate isotropic case means that �i � 1 and qi D q1, i D 1; : : : ; n; the nondegenerate anisotropic
case means that �i � 1, i D 1; : : : ; n, and qi , i D 1; : : : ; n, are generally different, and the degenerate isotropic case
means that �i D �1, i D 1; : : : ; n, as in [16–19] or �i , i D 1; : : : ; n, are generally different as in [15] but qi D q1,
i D 1; : : : ; n.

In [20], the theorem on the existence and uniqueness of entropy solution to the Dirichlet problem for this class of
the equations was proved. Moreover, the existence results of some other types of solutions to the given problem were
also obtained. Observe that the proofs of these theorems are based on use of some results of [21–23] on the existence
and properties of solutions of second-order variational inequalities with L1-right-hand sides and sufficiently general
constraints. Note that in [20–23] right-hand sides to the investigated variational inequalities and equations depend
on independent variables only, and belong to the class L1.

The present article is devoted to the Dirichlet problem for a same class of the nonlinear elliptic second-order
equations in divergence form with degenerate anisotropic coefficients as in [20]. Here right-hand sides to the given
equations depend on independent variables and unknown function. A model example of this class is an equation

�

nX
iD1

Di .�i .x/jDiuj
qi�2Diu/ D F.x; u/; x 2 �;

where� is a bounded domain in Rn .n > 2/, 1 < qi < n, �i > 0 a.e. in�, �i 2 L1loc.�/, .1=�i /
1=.qi�1/ 2 L1.�/,

i D 1; : : : ; n, F W � � R! R is a Carathéodory function.
The main result of this paper is a theorem on the existence of entropy solutions to the Dirichlet problem for

the equations under consideration. We require an additional conditions to the function F in this theorem. Namely
F.x; u/ has an arbitrary growth with respect to the second variable, and F.x; u/ belongs to L1.�/ under the
fixed value of the second variable. In our case we have no opportunity to use the results [21–23] directly. We
follow a general approach for proving the above-mentioned theorem. This approach has been proposed in [1] to
the investigation on the existence and properties of solutions for nonlinear elliptic second-order equations with
isotropic nondegenerate (with respect to the independent variables) coefficients and L1-right-hand sides. In [21, 23]
this approach has been taken to the anisotropic degenerate case. Also we use some ideas of [24].

2 Preliminaries

In this section we give some results of [23] which will be used in the sequel.
Let n 2 N, n > 2, � be a bounded domain in Rn with a boundary @�, and for every i 2 f1; : : : ; ng we have

qi 2 .1; n/.
We set q D fqi W i D 1; : : : ; ng,

q� D min fqi W i D 1; : : : ; ng; q D

 
1

n

nX
iD1

1

qi

!�1
; Oq D

n.q � 1/

.n � 1/q
:

Let for every i 2 f1; : : : ; ng �i be a nonnegative function on � such that �i > 0 a.e. in �,

�i 2 L
1
loc.�/; .1=�i /

1=.qi�1/ 2 L1.�/: (1)

We set � D f�i W i D 1; : : : ; ng. We denote by W 1;q.�;�/ the set of all functions u 2 W 1;1.�/ such that for every
i 2 f1; : : : ; ng we have �i jDiu j

qi 2 L1.�/.
Let k � k1;q;� be the mapping from W 1;q.�;�/ into R such that for every function u 2 W 1;q.�;�/

kuk1;q;� D

Z
�

jujdx C

nX
iD1

0@Z
�

�i jDiuj
qidx

1A1=qi :
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770 Y. Gorban

The mapping k � k1;q;� is a norm in W 1;q.�;�/, and, in view of the second inclusion of (1), the set W 1;q.�;�/

is a Banach space with respect to the norm k � k1;q;� . Moreover, by virtue of the first inclusion of (1), we have
C1
0
.�/ � W 1;q.�;�/.

We denote by
ı

W 1;q.�;�/ the closure of the set C1
0
.�/ in spaceW 1;q.�;�/. Evidently, the set

ı

W 1;q.�;�/ is

a Banach space with respect to the norm induced by the norm k � k1;q;� . It is obvious that
ı

W 1;q.�;�/ �
ı

W 1;1.�/.

Finally, we observe that
ı

W 1;q.�;�/ is a reflexive space. The proof of the latter statement can be found in [21].
Note that the following assertion hold.

Proposition 2.1. If a sequence converges weakly in
ı

W 1;q.�;�/, then it converges strongly in L1.�/.

Further, let for every k > 0 Tk W R! R be the function such that

Tk.s/ D

(
s; if jsj 6 k;

k sign s; if jsj > k:

By analogy with known results for nonweighted Sobolev spaces (see for instance [25]) we have: if u 2
ı

W 1;q.�;�/

and k > 0, then Tk.u/ 2
ı

W 1;q.�;�/ and for every i 2 f1; : : : ; ng

DiTk.u/ D Diu � 1fjuj<kg a. e. in �: (2)

We denote by
ı

T 1;q.�;�/ the set of all functions u W �! R such that for every k > 0, Tk.u/ 2
ı

W 1;q.�;�/.
Clearly,

ı

W 1;q.�;�/ �
ı

T 1;q.�;�/: (3)

For every u W �! R and for every x 2 � we set

k.u; x/ D minfl 2 N W ju.x/j 6 lg:

Definition 2.2. Let u 2
ı

T 1;q.�;�/ and i 2 f1; : : : ; ng. Then ıiu W � ! R is the function such that for every
x 2 � ıiu.x/ D DiTk.u;x/.u/ .x/.

Definition 2.3. If u 2
ı

T 1;q.�;�/, then ıu W � ! Rn is the mapping such that for every x 2 � and for every
i 2 f1; : : : ; ng .ıu.x//i D ıiu.x/.

Now we give several propositions which will be used in the next sections.

Proposition 2.4. Let u 2
ı

T 1;q.�;�/. Then for every k > 0 we have DiTk.u/ D ıiu � 1fjuj<kg a.e. in �,
i D 1; : : : ; n.

If u 2
ı

W 1;q.�;�/, then for every i 2 f1; : : : ; ng ıiu D Diu a.e. in �.

Proposition 2.5. Let u 2
ı

T 1;q.�;�/ and w 2
ı

W 1;q.�;�/ \ L1.�/. Then u � w 2
ı

T 1;q.�;�/, and for every
i 2 f1; : : : ; ng and for every k > 0 we have

DiTk.u � w/ D ıiu �Diw a.e. in fju � wj < kg:

Proposition 2.6. There exists a positive constant c0 depending on n, q, and k1=�ikL1=.qi�1/.�/, i D 1; : : : ; n, such

that for every function u 2
ı

W 1;q.�;�/0@Z
�

jujn=.n�1/dx

1A.n�1/=n 6 c0

nY
iD1

0@Z
�

�i jDiuj
qidx

1A1=nqi :
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Existence of entropy solutions for nonlinear elliptic degenerate anisotropic equations 771

3 Statement of the Dirichlet problem. The concept of its entropy
solution

Let c1, c2 > 0, g1, g2 2 L1.�/, g1, g2 > 0 in �, and let for every i 2 f1; : : : ; ng ai W � � Rn ! R be a
Carathéodory function. We suppose that for almost every x 2 � and for every � 2 Rn,

nX
iD1

.1=�i /
1=.qi�1/.x/jai .x; �/j

qi=.qi�1/ 6 c1

nX
iD1

�i .x/j�i j
qi C g1.x/; (4)

nX
iD1

ai .x; �/�i > c2

nX
iD1

�i .x/j�i j
qi � g2.x/: (5)

Moreover, we assume that for almost every x 2 � and for every �; � 0 2 Rn, � 6D � 0,

nX
iD1

Œai .x; �/ � ai .x; �
0/� .�i � �

0
i / > 0: (6)

Now we give one result of [20] which will be used in the sequel.

Proposition 3.1. The following assertions hold:

a) if u;w 2
ı

W 1;q.�;�/ and i 2 f1; : : : ; ng, then ai .x;ru/Diw 2 L1.�/;

b) if u 2
ı

T 1;q.�;�/, w 2
ı

W 1;q.�;�/ \ L1.�/, k > 0 and i 2 f1; : : : ; ng,
then ai .x; ıu/DiTk.u � w/ 2 L1.�/.

Let F W � � R! R be a Carathéodory function. We consider the following Dirichlet problem:

�

nX
iD1

@

@xi
ai .x;ru/ D F.x; u/ in �; (7)

u D 0 on @�: (8)

Definition 3.2. An entropy solution of problem (7), (8) is a function u 2
ı

T 1;q.�;�/ such that:

F.x; u/ 2 L1.�/I (9)

for every function w 2
ı

W 1;q.�;�/ \ L1.�/ and for every k > 1Z
�

� nX
iD1

ai .x; ıu/DiTk.u � w/

�
dx 6

Z
�

F.x; u/ Tk.u � w/dx: (10)

Note that the left-hand integral in (10) is finite. It follows from assertion b) of Proposition 3.1. The right-hand integral
in (10) is also finite. It follows from the boundedness of the function Tk and inclusion (9).

4 Main result

Next theorem is the main result of this paper.

Theorem 4.1. Suppose the following conditions are satisfied:
1) for a.e. x 2 � the function F.x; �/ is nonincreasing on R;
2) for any s 2 R the function F.�; s/ belongs to L1.�/.
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772 Y. Gorban

Then there exists an entropy solution of the Dirichlet problem (7), (8).

Proof. According to the approach from [1], we will consider a sequence of the approximating problems for the
equations with smooth right-hand sides. Then we will obtain special estimates of the solutions of these problems.
Finally, we will pass to the limit. The proof is in 9 steps.

Step 1. We set f D F.�; 0/. Let for every l 2 N, Fl W � � R! R be the function such that

Fl .x; s/ D Tl .f .x/ � F.x; s//; .x; s/ 2 � � R:

By virtue of condition 1), we have:

if l 2 N; then for a.e. x 2 � the function Fl .x; �/ is nondecreasing on R: (11)

Further, in view of condition 2), we have f 2 L1.�/. Hence there exists fflg � C10 .�/ such that:

lim
l!1

kfl � f kL1.�/ D 0; (12)

8 l 2 N kflkL1.�/ 6 kf kL1.�/: (13)

Using the inequalities (4)–(6), property (11), and well-known results on the solvability of the equations with

monotone operators (see for instance [26]), we obtain: if l 2 N, then there exists the function ul 2
ı

W 1;q.�;�/

such that for every function w 2
ı

W 1;q.�;�/Z
�

� nX
iD1

ai .x;rul /Diw C Fl .x; ul /w

�
dx D

Z
�

flw dx: (14)

It means that the function ul 2
ı

W 1;q.�;�/ is a generalized solution of the Dirichlet problem:

�

nX
iD1

@

@xi
ai .x;ru/C Fl .x; u/ D fl in �;

u D 0 on @�:

We denote by ci , i D 3; 4; : : : , the positive constants depending only on n, q, c1, c2, kg1kL1.�/, kg2kL1.�/,
kf kL1.�/, kF.�;�1/kL1.�/, kF.�; 1/kL1.�/, k1=�ikL1=.qi�1/.�/, i D 1; : : : ; n, and meas �.

Let us show that for every k > 1 and l 2 N the following inequalities hold:Z
fjul j<kg

� nX
iD1

�i jDiul j
qi

�
dx 6 c3k; (15)

Z
fjul j>kg

jFl .x; ul /j dx 6 c4: (16)

In fact, let k > 1 and l 2 N. As ul 2
ı

W 1;q.�;�/, we have Tk.ul / 2
ı

W 1;q.�;�/. In view of (14) and (13) we
obtain Z

�

� nX
iD1

ai .x;rul /DiTk.ul /C Fl .x; ul /Tk.ul /

�
dx 6 kkf kL1.�/:

Using (2) and (5) in the left-hand side of this inequality, we get

c2

Z
fjul j<kg

� nX
iD1

�i jDiul j
qi

�
dx C

Z
�

Fl .x; ul /Tk.ul / dx 6 kkf kL1.�/ C kg2kL1.�/: (17)
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Assertion (11) and properties of the function Tk imply that

Fl .x; ul /Tk.ul / > 0 a.e. in �; (18)

Fl .x; ul /Tk.ul / D kjFl .x; ul /j a.e. in fjul j > kg: (19)

The estimate (15) follows from (18) and (17). Finally, the inequality (16) follows from (19) and (17).

Step 2. Now we show that for every k > 1 and l 2 N

measfjul j > kg 6 c5k
�Oq ; (20)

meas f�1=qi
i
jDiul j > kg 6 c6k

�qi Oq=.1COq/; i D 1; : : : ; n: (21)

In fact, let k > 1 and l 2 N. We have jTk.ul /j D k on fjul j > kg; then

kn=.n�1/measfjul j > kg 6
Z
�

jTk.ul /j
n=.n�1/dx: (22)

Using Proposition 2.6, (2) and (15), we obtain�Z
�

jTk.ul /j
n=.n�1/dx

�.n�1/=n
6 c0

nY
iD1

� Z
fjul j<kg

�i jDiul j
qidx

�1=nqi
6 c0.c3k/

1=q :

The inequality (20) follows from the latter estimate and (22).
Next, we fix i 2 f1; : : : ; ng, and set

k� D k
qi=.1COq/; G D fjul j < k�; �

1=qi
i
jDiul j > kg:

We have
meas f�1=qi

i
jDiul j > kg 6 meas fjul j > k�g CmeasG: (23)

From (20) it follows that
meas fjul j > k�g 6 c5k

�Oq
� : (24)

Moreover, in view of the set’s G definition and (15) we get

kqimeasG 6
Z

fjul j<k�g

�i jDiul j
qi dx 6 c3k�:

The inequality (21) follows from the latter estimate and (23), (24).

Step 3. Assertions (2) and (15) imply that for every k > 1 the sequence fTk.ul /g is bounded in
ı

W 1;q.�;�/. As the

space
ı

W 1;q.�;�/ is reflexive, then there exist an increasing sequence flhg � N, and sequence fzkg �
ı

W 1;q.�;�/

such that for every k 2 N we have a weak convergence Tk.ulh/! zk in
ı

W 1;q.�;�/. Without loss of generality it
can be assumed that

8 k 2 N Tk.ul /! zk weakly in
ı

W 1;q.�;�/: (25)

Step 4. Let us show that the sequence fulg is fundamental on measure.
Indeed, let k > 1, l; j 2 N. We fix t > 0, and set G0 D fjul j < k; juj j < k; jul � uj j > tg. It is clear that

meas fjul � uj j > tg 6 meas fjul j > kg Cmeas fjuj j > kg CmeasG0: (26)

As t 6 jTk.ul / � Tk.uj /j on G0, we obtain

t measG0 6
Z
�

jTk.ul / � Tk.uj /j dx:
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774 Y. Gorban

This inequality, (20) and (26) imply that for every k > 1, and l; j 2 N

meas fjul � uj j > tg 6 2c5k
�Oq
C t�1

Z
�

jTk.ul / � Tk.uj /j dx: (27)

Let " > 0. We fix k 2 N such that
2c5k

�Oq 6 "=2: (28)

Taking into account (25) and Proposition 2.1, we infer a strong convergence Tk.ul / ! zk in L1.�/. Then there
exists N 2 N such that for every l; j 2 N, l; j > NZ

�

jTk.ul / � Tk.uj /j dx 6 "t=2:

From this inequality, (27), and (28) we deduce that for every l; j 2 N, l; j > N

meas fjul � uj j > tg 6 ":

This means that the sequence fulg is fundamental on measure.

Step 5. Now we show that for every i 2 f1; : : : ; ng the sequence f�1=qi
i

Diulg is fundamental on measure.
For every t > 0 and l; j 2 N we put

Nt .l; j / D meas
� nX
iD1

�
1=qi
i
jDiul �Diuj j > t

�
:

Besides, for every t > 0, h; k > 1, and l; j 2 N we set

Et;h;k.l; j /D

(
nX
iD1

�
1=qi
i
jDiul�Diuj j > t;

nX
iD1

�
1=qi
i
jDiul j 6 h;

nX
iD1

�
1=qi
i
jDiuj j 6 h; jul � uj j<

1

k

)
:

Using (21), we establish that for every t > 0, h > n, k > 1, and l; j 2 N

Nt .l; j / 6 2c6n
nC1h�q� Oq=.1COq/ Cmeas fjul � uj j > 1=kg CmeasEt;h;k.l; j /: (29)

Further, we get one estimate for some integrals over Et;h;k.l; j /. So we introduce now auxiliary functions and sets.
Let for every x 2 � ˆx W Rn � Rn ! R be a function such that for every pair .�; � 0/ 2 Rn � Rn

ˆx.�; �
0/ D

nX
iD1

Œai .x; �/ � ai .x; �
0/� .�i � �

0
i /:

Recall that ai ; i D 1; : : : ; n, are Carathéodory functions, and inequality (6) holds for almost every x 2 � and every
�; � 0 2 Rn, � 6D � 0. Then there exists a set E � �, meas E D 0, such that:

(i) for every x 2 �nE the function ˆx is continuous on Rn � Rn;
(ii) for every x 2 �nE and �; � 0 2 Rn; � 6D � 0, we have ˆx.�; � 0/ > 0.

Put for every t > 0, h > t , and x 2 �

Gt;h.x/D

�
.�; � 0/ 2 Rn � RnW

nX
iD1

�
1=qi
i

.x/j�i j 6 h;

nX
iD1

�
1=qi
i

.x/j� 0i j 6 h;

nX
iD1

�
1=qi
i

.x/j�i � �
0
i j > t

�
:

As �i > 0 a.e. in�; i D 1; : : : ; n, then there exists a set QE � �, meas QE D 0, such that the setGt;h.x/ is nonempty
for every t > 0; h > t , and x 2 �n QE.
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Existence of entropy solutions for nonlinear elliptic degenerate anisotropic equations 775

Let for every t > 0 and h > t �t;h W �! R be a function such that

�t;h.x/ D

8<: min
Gt;h.x/

ˆx ; if x 2 �n.E [ QE/;

0; if x 2 E [ QE:

For every t > 0 and h > t we have �t;h > 0 a.e. in �, and �t;h 2 L1.�/.
Let t > 0, h > tC1, k > 1, and l; j 2 N. We fix x 2 Et;h;k.l; j /n.E[ QE/, and set � D rul .x/, � 0 D ruj .x/.

As .�; � 0/ 2 Gt;h.x/, then �t;h.x/ 6 ˆx.�; �
0/. This inequality and function’s ˆx definition imply that

�t;h.x/ 6
nX
iD1

Œai .x;rul .x// � ai .x;ruj .x//� .Diul .x/ �Diuj .x//:

Then, taking into account (6) and (2), we obtainZ
Et;h;k.l;j /

�t;h dx 6
Z
�

� nX
iD1

Œai .x;rul / � ai .x;ruj /�DiT1=k.ul � uj /

�
dx: (30)

In view of (14) we haveZ
�

� nX
iD1

ai .x;rul /DiT1=k.ul � uj /

�
dx D

Z
�

flT1=k.ul � uj / dx �

Z
�

Fl .x; ul /T1=k.ul � uj / dx;

Z
�

� nX
iD1

ai .x;ruj /DiT1=k.uj � ul /

�
dx D

Z
�

fjT1=k.uj � ul / dx �

Z
�

Fj .x; uj /T1=k.uj � ul / dx:

From these equalities and (30) it follows thatZ
Et;h;k.l;j /

�t;h dx 6
1

k

Z
�

jfl � fj j dx C
1

k

Z
�

jFl .x; ul / � Fj .x; uj /j dx: (31)

Using (16) and conditions 1), 2), we find that for every l; j 2 NZ
�

jFl .x; ul / � Fj .x; uj /j dx 6 c7:

From the latter estimate and (31) we deduce that for every t > 0; h > t C 1; k > 1, and l; j 2 N the following
inequality holds: Z

Et;h;k.l;j /

�t;h dx 6
1

k

Z
�

jfl � fj j dx C
c7

k
: (32)

The sequence fulg is fundamental on measure. Then there exists an increasing sequence fnkg � N such that for
every k 2 N and l; j 2 N, l; j > nk , we have

meas fjul � uj j > 1=kg 6 1=k: (33)

Let t > 0 and " > 0. We fix h > t C n such that

2c6n
nC1h�q� Oq=.1COq/ 6 "=4: (34)

Put for every k 2 N
˛k D sup

l;j>nk
measEt;h;k.l; j /:

Let us show that ˛k ! 0. Assume the converse. Then there exist � > 0, an increasing sequence fksg � N, and
sequences flsg; fjsg � N such that for every s 2 N we have ls ; js > nks and

measEt;h;ks .ls ; js/ > �: (35)
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Let Gs D Et;h;ks .ls ; js/, s 2 N.
In view of (32) and (13) for every s 2 N we getZ

Gs

�t;h dx 6
c7 C 2

ks
:

It follows that
lim
s!1

Z
Gs

�t;h dx D 0:

From this assertion, taking into account �t;h 2 L1.�/ and �t;h > 0 a.e. in �, we infer that measGs ! 0. This
fact is in contradiction to (35). Hence, we conclude that ˛k ! 0.

Finally, we fix k 2 N such that the inequalities hold:

1=k 6 "=4; ˛k 6 "=2: (36)

Let l; j 2 N; l; j > nk . From (29), (33), (34) and (36) it follows that Nt .l; j / 6 ".
This means that for every i 2 f1; : : : ; ng the sequence f�1=qi

i
Diulg is fundamental on measure.

Step 6. From results of the Steps 4 and 5, and F. Riesz’s theorem we get the following facts: there exist measurable
functions u W �! R and v.i/ W �! R; i D 1; : : : ; n; such that the sequence fulg converges to u on measure, and
for every i 2 f1; : : : ; ng the sequence f�1=qi

i
Diulg converges to v.i/ on measure. As is generally known, we can

extract subsequences converging almost everywhere in � to the corresponding functions. We may assume without
loss of generality that

ul ! u a.e. in �; (37)

8 i 2 f1; : : : ; ng �
1=qi
i

Diul ! v.i/ a.e. in �: (38)

From (37), (25) and Proposition 2.1 we deduce that for every k 2 N

Tk.u/ 2
ı

W 1;q.�;�/; (39)

Tk.ul /! Tk.u/ weakly in
ı

W 1;q.�;�/: (40)

Let us show that u 2
ı

T 1;q.�;�/. Indeed, let k > 0. Take h 2 N, h > k. In view of (39) we have Th.u/ 2
ı

W 1;q.�;�/. Hence, by inclusion (3) we obtain Tk.Th.u// 2
ı

W 1;q.�;�/. This fact and the equality Tk.u/ D

Tk.Th.u// imply that Tk.u/ 2
ı

W 1;q.�;�/. Therefore, u 2
ı

T 1;q.�;�/.

Step 7. Now we show that
8 i 2 f1; : : : ; ng Diul ! ıiu a.e. in �: (41)

In fact, let i 2 f1; : : : ; ng. In view of (37) there exists a set E0 � �, meas E0 D 0, such that

8 x 2 �nE0 ul .x/! u.x/; (42)

and in view of (38) there exists a set E00 � �, meas E00 D 0, such that

8 x 2 �nE00 �
1=qi
i

.x/Diul .x/! v.i/.x/: (43)

Fix k 2 N. By (2) we have: if l 2 N, then there exists a set E.l/ � �, meas E.l/ D 0, such that

8 x 2 fjul j < kgnE
.l/ DiTk.ul /.x/ D Diul .x/: (44)

We denote by OE a union of sets E0; E00 and E.l/, l 2 N. Clearly, meas OE D 0: Let x 2 fjuj < kgn OE. In view
of (42) there exists l0 2 N such that for every l 2 N; l > l0, we have jul .x/j < k. Let l 2 N; l > l0. Then

Unauthenticated
Download Date | 7/4/17 7:27 PM



Existence of entropy solutions for nonlinear elliptic degenerate anisotropic equations 777

x 2 fjul j < kgnE
.l/ and according to (44) we get �1=qi

i
.x/DiTk.ul /.x/ D �

1=qi
i

.x/Diul .x/. From this equality
and (43) we deduce that �1=qi

i
DiTk.ul /.x/! v.i/.x/ . Thus,

�
1=qi
i

DiTk.ul /! v.i/ a.e. in fjuj < kg: (45)

Besides, in view of (2) and (15) for every l 2 NZ
�

�i jDiTk.ul /j
qi dx 6 c3k: (46)

Using Fatou’s lemma, from (45) and (46) we infer that the function jv.i/jqi is summable in fjuj < kg.
Further, let ' W �! R be a measurable function such that j'j 6 1 in �, and let " > 0. As the function jv.i/j is

summable on fjuj < kg, then there exists "1 2 .0; "/ such that for every measurable set G � fjuj < kg; measG 6
"1, we have Z

G

jv.i/j dx 6 ": (47)

Moreover, in view of (45) and Egorov’s theorem, there exists a measurable set �0 � fjuj < kg such that

meas .fjuj < kgn�0/ 6 "1; (48)

�
1=qi
i

DiTk.ul /! v.i/ uniformly in �0: (49)

From (47) and (48) we infer that Z
fjuj<kgn�0

jv.i/j dx 6 "; (50)

and from (49) we deduce that there exists l1 2 N such that for every l 2 N; l > l1,Z
�0

j�
1=qi
i

DiTk.ul / � v
.i/
j dx 6 ": (51)

Let l 2 N; l > l1. Using (50), (51), Hölder’s inequality, (48), and (46), we getˇ̌̌̌ Z
fjuj<kg

Œ �
1=qi
i

DiTk.ul / � v
.i/� ' dx

ˇ̌̌̌
6 2"C

Z
fjuj<kgn�0

�
1=qi
i
jDiTk.ul /j dx

6 2"C ".qi�1/=qi
�Z
�

�i jDiTk.ul /j
qidx

�1=qi
6 2"C ".qi�1/=qi .c3k/

1=qi :

Since " is an arbitrary constant, from the latter estimate it follows that

lim
l!1

Z
fjuj<kg

Œ �
1=qi
i

DiTk.ul / � v
.i/� ' dx D 0: (52)

On the other hand, let F W
ı

W 1;q.�;�/! R be a functional such that for every function v 2
ı

W 1;q.�;�/

hF; vi D

Z
fjuj<kg

�
1=qi
i

Div � ' dx:

It is easy to see that F 2 .
ı

W 1;q.�;�//�. Hence, by virtue of (40), we have

hF; Tk.ul /i ! hF; Tk.u/i:
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This fact and functional’s F definition imply that

lim
l!1

Z
fjuj<kg

�
1=qi
i

DiTk.ul / � ' dx D

Z
fjuj<kg

�
1=qi
i

DiTk.u/ � ' dx: (53)

From (52) and (53) we deduce that Z
fjuj<kg

Œ v.i/ � �
1=qi
i

DiTk.u/� ' dx D 0:

In turn, from this equality and Proposition 2.1 we infer that

v.i/ D �
1=qi
i

ıiu a.e. in fjuj < kg:

Since k 2 N is an arbitrary number, from the latter assertion it follows that

v.i/ D �
1=qi
i

ıiu a.e. in �: (54)

Taking into account that �i > 0 a.e. in �, from (38) and (54) we obtain that Diul ! ıiu a.e. in �. Thus, (41) is
proved.

Assertion (41) along with the fact that ai ; i D 1; : : : ; n; are Carathéodory functions implies that

8 i 2 f1; : : : ; ng ai .x;rul /! ai .x; ıu/ a.e. in �: (55)

Step 8. Let us show that the following assertions are fulfilled:

F.x; u/ 2 L1.�/I (56)

Fl .x; ul /! f � F.x; u/ strongly in L1.�/: (57)

Indeed, in view of (37) we have
Fl .x; ul /! f � F.x; u/ a.e. in �: (58)

Moreover, using (16) and conditions 1) and 2), we get for every l 2 NZ
�

jFl .x; ul /j dx 6 c8:

From this fact, (58), and Fatou’s lemma we obtain inclusion (56).
Now let us prove (57). Firstly, we establish that for every k, l 2 N the following estimate holdsZ

fjul j>2kg

jFl .x; ul /j dx 6
Z

fjul j>kg

jf j dx C kfl � f kL1.�/ C 2kg2kL1.�/k
�1: (59)

Let z 2 C 1.R/ be a function such that 0 6 z 6 1 on R, z D 0 on Œ�1I 1�, z D 1 on .�1I�2� [ Œ2IC1/, and for
every s 2 R z0.s/sign s > 0, jz0.s/j 6 2.

We fix arbitrary k, l 2 N. We denote by zk W R! R a function such that for every s 2 R

zk.s/ D T1

� s
k

�
z
� s
k

�
: (60)

From the properties of the functions T1 and z it follows that for every s 2 R

jzk.s/j 6 1: (61)

Besides,
8s 2 R; jsj 6 k; zk.s/ D 0I (62)
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8s 2 R; jsj > 2k; jzk.s/j D 1: (63)

Definition (60) implies that zk.ul / 2
ı

W 1;q.�;�/ and

Dizk.ul / D k
�1z0

�ul
k

�
T1

�ul
k

�
Diul a.e. in �; i D 1; : : : ; n: (64)

Substituting w D zk.ul / into (14), and using (61), (62), we getZ
�

� nX
iD1

ai .x;rul /Dizk.ul /

�
dx C

Z
�

Fl .x; ul /zk.ul / dx 6
Z

fjul j>kg

jf j dx C kfl � f kL1.�/: (65)

We denote by I 0
k;l

the first integral in the left-hand side of (65). In view of the function’s z definition

8s 2 R; jsj 6 k; or jsj > 2k; jz0.s/j D 0: (66)

Using (64), (66), and (5), we establish that

I 0k;l D k
�1

Z
fk6jul j62kg

"
z0
�ul
k

�
T1

�ul
k

� � nX
iD1

ai .x;rul /Diul

�#
dx

> k�1
Z

fk6jul j62kg

"
z0
�ul
k

�
T1

�ul
k

� �
c2

nX
iD1

�i jDiul j
qi � g2

�#
dx: (67)

From the truncated function’s property and our condition z0.s/sign s > 0, 8s 2 R, it follows that almost everywhere
in fk 6 jul j 6 2kg

z0
�ul
k

�
T1

�ul
k

�
D z0

�ul
k

�
sign

�ul
k

�
> 0:

Taking into account this fact and our condition jz0.s/j 6 2, 8s 2 R, we deduce from (67)

I 0k;l > �2k�1
Z

fk6jul j62kg

g2 dx:

This and (65) implyZ
�

Fl .x; ul /zk.ul / dx 6
Z

fjul j>kg

jf j dx C kfl � f kL1.�/ C 2kg2kL1.�/k
�1: (68)

Note that in view of (11) and the function’s zk definition we have

Fl .x; ul /zk.ul / > 0 a.e. in �;

and in view of (63) we get
Fl .x; ul /zk.ul / D jFl .x; ul /j a.e. in fjul j > 2kg:

Then Z
�

Fl .x; ul /zk.ul / dx >
Z

fjul j>2kg

jFl .x; ul /j dx:

Finally, assertion (59) is derived from the latter inequality and (68).
Next, we fix an arbitrary " > 0. It is clear that there exists "1 > 0 such that for every measurable set G � �,

meas G 6 "1, Z
G

.jf j C jF.x; u/j/ dx 6 ":
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We fix k 2 N such that the following inequalities hold:

2kg2kL1.�/k
�1 6 "; (69)

c5k
�Oq 6 "1: (70)

By condition 2), we infer that the functions F.�;�2k/ and F.�; 2k/ belong to L1.�/. Hence, there exists "2 > 0

such that for every measurable set G � �, meas G 6 "2,Z
G

.jF.�;�2k/j C jF.�; 2k/j/ dx 6 ":

In view of (58) there exists a measurable set �1 � � such that

meas .� n�1/ 6 min."1; "2/; (71)

and Fl .x; ul /! f � F.x; u/ uniformly in �1. Then there exists L1 2 N such that for every l 2 N, l > L1,Z
�1

jFl .x; ul / � .f � F.x; u//j dx 6 ": (72)

Besides, in view of (12) there exists L2 2 N such that for every l 2 N, l > L2,

kfl � f kL1.�/ 6 ": (73)

Now fix l 2 N, l > max.L1; L2/. Using (71) and (72), we obtain

kFl .x; ul / � .f � F.x; u//kL1.�/ 6
Z

fjul j>2kg

jFl .x; ul /j dx C

Z
.�n�1/\fjul j<2kg

jFl .x; ul /j dx C 2": (74)

By virtue of (20) and (70) we get meas fjul j > kg 6 "1. ThenZ
fjul j>kg

jf j dx 6 ": (75)

From (59), (69), (73) and (75) we deduce Z
fjul j>2kg

jFl .x; ul /j dx 6 3": (76)

Note that by condition 1), we have

jFl .x; ul /j 6 2.jF.x;�2k/j C jF.x; 2k/j/ a.e. in fjul j < 2kg: (77)

In view of (71) we get Z
�n�1

.jF.x;�2k/j C jF.x; 2k/j/ dx 6 ": (78)

From (77) and (78) it follows that Z
.�n�1/\fjul j<2kg

jFl .x; ul /j dx 6 2": (79)

Using (74), (76), and (79), we infer

kFl .x; ul / � .f � F.x; u//kL1.�/ 6 5":
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Now we can conclude that kFl .x; ul / � .f � F.x; u//kL1.�/ ! 0. Thus, assertion (57) is proved.

Step 9. Let w 2
ı

W 1;q.�;�/ \ L1.�/, and k > 1. Now we show thatZ
�

� nX
iD1

ai .x; ıu/DiTk.u � w/

�
dx 6

Z
�

F.x; u/ Tk.u � w/ dx: (80)

Put
H D fju � wj < kg; H0 D fju � wj D kg;

and let for every l 2 N
Hl D fjul � wj < kgnH0; El D fjul � wj < kg \H0:

First of all we prove that for every function ' 2 L1.�/Z
Hl

' dx !

Z
H

' dx: (81)

Indeed, let ' 2 L1.�/. For every j 2 N put

H .j/ D fju � wj < k � 1=j g; QH .j/ D fju � wj > k C 1=j g:

We have
meas .HnH .j//! 0; meas .fju � wj > kgn QH .j//! 0: (82)

We fix an arbitrary " > 0. In view of the property of Lebesgue integral’s absolute continuity and (82) there exists
j 2 N such that Z

HnH .j/

j'j dx 6 "=4;

Z
fju�wj>kgn QH .j/

j'j dx 6 "=4: (83)

Moreover, in view of the property of Lebesgue integral’s absolute continuity, (37), and Egorov’s theorem there exists
a measurable set �0 � � such that Z

�n�0

j'j dx 6 "=4; (84)

ul ! u uniformly in �0: (85)

Assertion (85) means that we can find l0 2 N such that for every l 2 N; l > l0; and x 2 �0

jul .x/ � u.x/j < 1=j: (86)

Let l 2 N; l > l0. From (86) it follows that

.H .j/nHl / \�
0
D ;; fjul � wj < kg \ QH

.j/
\�0 D ;:

Then
HnHl � .HnH

.j// [ .�n�0/; HlnH � .fju � wj > kgn QH
.j// [ .�n�0/:

These facts, (83), and (84) imply thatZ
HnHl

j'j dx 6 "=2;

Z
HlnH

j'j dx 6 "=2:

Hence, ˇ̌̌̌ Z
Hl

' dx �

Z
H

' dx

ˇ̌̌̌
6 ":

The latter estimate means that (81) is true.
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Further, put

k1 D k C kwkL1.�/; '1 D

nX
iD1

ai .x;rTk1C1.u//Diw;

and let for every l 2 N

 l D

nX
iD1

ai .x;rul /Diul C g2;

S 0l D

Z
Hl

� nX
iD1

Œ ai .x;rul / � ai .x;rTk1C1.u//�Diw

�
dx;

S 00l D

Z
El

� nX
iD1

ai .x;rw/ ŒDiul �Diw�

�
dx:

We fix an arbitrary l 2 N. In view of (14) we haveZ
�

� nX
iD1

ai .x;rul /DiTk.ul � w/

�
dx D

Z
�

.fl � Fl .x; ul // Tk.ul � w/dx: (87)

Using (2) and (6), we getZ
�

� nX
iD1

ai .x;rul /DiTk.ul � w/

�
dx >

Z
Hl

� nX
iD1

ai .x;rul / ŒDiul �Diw�

�
dx C S 00l :

From this inequality and (87) we obtainZ
Hl

� nX
iD1

ai .x;rul /Diul

�
dx 6

Z
Hl

� nX
iD1

ai .x;rul /Diw

�
dx

C

Z
�

.fl � Fl .x; ul // Tk.ul � w/ dx � S
00
l :

Hence, for every l 2 NZ
Hl

 l dx 6
Z
�

.fl � Fl .x; ul // Tk.ul � w/ dx C

Z
Hl

.'1 C g2/ dx C S
0
l � S

00
l : (88)

Note that by virtue of (12) and (37) we get fl Tk.ul � w/! f Tk.u � w/ strongly in L1.�/. Therefore,Z
�

fl Tk.ul � w/ dx !

Z
�

f Tk.u � w/ dx: (89)

Besides, in view of (57) and (37) we obtain Fl .x; ul / Tk.ul �w/! .f � F.x; u// Tk.u�w/ strongly in L1.�/.
Hence, Z

�

Fl .x; ul / Tk.ul � w/ dx !

Z
�

.f � F.x; u// Tk.u � w/ dx: (90)

As u 2
ı

T 1;q.�;�/, then we have Tk.u/ 2
ı

W 1;q.�;�/. Therefore, assertion a) of Proposition 3.1 implies an
inclusion '1 2 L1.�/. Besides, we have g2 2 L1.�/. Thus, using (81), we deduce thatZ

Hl

.'1 C g2/ dx !

Z
H

.'1 C g2/ dx: (91)

Now we prove that
S 0l ! 0: (92)

Unauthenticated
Download Date | 7/4/17 7:27 PM



Existence of entropy solutions for nonlinear elliptic degenerate anisotropic equations 783

Indeed, let " 2 .0; 1/. In view of the property of Lebesgue integral’s absolute continuity, (37), (55), and Egorov’s
theorem there exists a measurable set �1 � � such thatZ

�n�1

�
j'1j C

nX
iD1

�i jDiwj
qi

�
dx 6 "n; (93)

ul ! u uniformly in �1; (94)

nX
iD1

ai .x;rul /Diw !

nX
iD1

ai .x; ıu/Diw iniformly in �1: (95)

Assertion (94) means that we can find l0 2 N such that for every l 2 N; l > l0; and x 2 �1

jul .x/ � u.x/j 6 ": (96)

Moreover, in view of (95) there exists l1 2 N such that for every l 2 N, l > l1, we getZ
�1

ˇ̌̌̌ nX
iD1

ai .x;rul /Diw �

nX
iD1

ai .x; ıu/Diw

ˇ̌̌̌
dx 6 ": (97)

Let l 2 N; l > max.l0; l1/. As w 2 L1.�/, there exists a set OE � �, meas OE D 0, such that for every x 2 �n OE
we have jw.x/j 6 kwkL1.�/. From this fact and (96) it follows that .Hl \�1/n OE � fjuj < k1 C 1g. Using this
inclusion, Proposition 2.4, and (97), we obtainZ

Hl\�1

ˇ̌̌̌ nX
iD1

ai .x;rul /Diw � '1

ˇ̌̌̌
dx 6 ":

The latter inequality and (93) imply that

jS 0l j 6 2"C

nX
iD1

Z
Hln�1

jai .x;rul /j jDiwj dx: (98)

Taking into account Hölder inequality, (4), an inclusion Hln OE � fjul j < k1g, (15), and (93), we established that
for every i 2 f1; : : : ; ng Z

Hln�1

jai .x;rul /j jDiwj dx 6 .c1c3k1 C 1C kg1kL1.�//":

From this and (98) we deduce
jS 0l j 6 2"C n.c1c3k1 C 1C kg1kL1.�//":

Thus, (92) is true.
Further, we show that

S 00l ! 0: (99)

It suffices to take measH0 > 0. Let i 2 f1; :::; ng. Since u 2
ı

T 1;q.�;�/ and w 2
ı

W 1;q.�;�/\L1.�/, by virtue

of Proposition 2.5, we have u � w 2
ı

T 1;q.�;�/. Hence, from Proposition 2.4 it follows that

DiTk.u � w/ D 0 a.e. in H0: (100)

On the other hand, for almost every x 2 H0 the inequality ju.x/j < k1C 1 holds. So, Tk.u�w/ D Tk1C1.u/�w
a.e. in H0. Therefore,

DiTk.u � w/ D DiTk1C1.u/ �Diw a.e. in H0:
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Then, taking into account (100), we get DiTk1C1.u/ D Diw a.e. in H0. This and Proposition 2.4 imply that
ıiu D Diw a.e. in H0. From this result and (41) we infer that for every i 2 f1; : : : ; ng Diul ! Diw a.e. in H0.
Hence,

nX
iD1

ai .x;rw/ ŒDiul �Diw�! 0 a.e. in H0: (101)

Next, we put

'2 D

nX
iD1

jai .x;rw/j jDiwj; '3 D

nX
iD1

.1=�i /
1=.qi�1/jai .x;rw/j

qi=.qi�1/:

In view of (4) the functions '2 and '3 are summable in �.
We fix an arbitrary " > 0. In view of the property of Lebesgue integral’s absolute continuity, (101), and Egorov’s

theorem there exists a measurable set �2 � H0 such thatZ
H0n�2

.'2 C '3/ dx 6 "; (102)

nX
iD1

ai .x;rw/ ŒDiul �Diw�! 0 iniformly in �2:

The latter property means that me can find l0 2 N such that for every l 2 N, l > l0,Z
�2

ˇ̌̌̌ nX
iD1

ai .x;rw/ ŒDiul �Diw�

ˇ̌̌̌
dx 6 ": (103)

Let l 2 N, l > l0. Using (102) and (103), we infer that

jS 00l j 6 2"C

nX
iD1

Z
Eln�2

jai .x;rw/j jDiul j dx: (104)

By the virtue of Hölder inequality, (102), and (15) we deduce that for every i 2 f1; : : : ; ngZ
Eln�2

jai .x;rw/j jDiul j dx

6
� Z
Eln�2

'3 dx

�.qi�1/=qi� Z
fjul j<k1g

�i jDiul j
qidx

�1=qi
6 ".qi�1/=qi .c3k1/

1=qi :

This fact along with (104) and an arbitrariness of " implies that (99) is true.
Further, let � W � ! R be a characteristic function of the set H , and let for every l 2 N �l W � ! R be a

characteristic function of the set Hl . We have

lim
l!1

�l > � a.e. in �: (105)

Indeed, in view of (37) there exists a set E0 � �, meas E0 D 0, such that for every x 2 �nE0 ul .x/ ! u.x/.
Let x 2 �nE0. If x 62 H , then �.x/ D 0. Hence, �.x/ 6 �l .x/; 8 l 2 N. Let x 2 H . As ul .x/ ! u.x/, there
exists l1 2 N such that for every l 2 N; l > l1, we have jul .x/ � u.x/j < k � ju.x/ � w.x/j. Then for arbitrary
l 2 N; l > l1, we get jul .x/ � w.x/j < k. Therefore, x 2 Hl and �l .x/ D 1 D �.x/. Thus, in any case we have
�.x/ 6 lim

l!1

�l .x/ and assertion (105) holds.

From (105), (41), (55), and (5) it follows that

lim
l!1

. l�l / >
� nX
iD1

ai .x; ıu/ıiuC g2

�
� a.e. in �: (106)
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Using (5), (88)–(92), (99), Fatou’s lemma, and (106), we established that the function

 
nP
iD1

ai .x; ıu/ıiuC g2

!
�

is summable in � andZ
�

� nX
iD1

ai .x; ıu/ıiuC g2

�
�dx 6

Z
�

F.x; u/ Tk.u � w/ dx C

Z
H

.'1 C g2/ dx:

From the latter inequality and Propositions 2.4 and 2.5 we obtain (80).

So, we proved that u 2
ı

T 1;q.�;�/, and properties (9) and (10) of Definition 2.2 are satisfied. Thus, u is an
entropy solution to the Dirichlet problem (7), (8). The theorem is proved.
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